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1. Let A be a commutative complex linear algebra with unit 
and suppose L and M are linear functionals defined on A. We say that 
L and M form a derivation pair on A provided that 
wd = L(f) w?) + Ug) M(f) (*I 
for every choice of elementsf, g E A. The purpose of this paper is to 
give an explicit characterization of derivation pairs on A. This 
characterization enables us to answer questions posed by Rubel in [l]; 
in particular, we recapture his results without hypotheses of continuity. 
2. If L(f) = 0 f or all f E A, it is clear that M may be chosen 
arbitrarily. This situation is of no interest to us, and we shall hence- 
forth assume that L and M are nontrivial functionals on A. It then 
follows from (*) that A, = ker L is a subalgebra of A of codimension 1. 
The characterization of such algebras in case A is a Banach algebra 
has been known for some time, though the first proof in the literature 
seems to be that of Sawoli and Warzecha [2]. Simpler treatments are 
available in [3] and [4, Theorem 1.6.11; see [S] for an extension to 
algebras of arbitrary finite codimension. The result in question asserts 
that A,, is the kernel of a functional L given by one of the formulas 
L = cp, (1) 
L = +fJ - $1 (2) 
L is a point derivation at ‘p. (3) 
Here c E @, and ‘p, 4 are complex homomorphisms of A. (Recall that L 
is said to be a point derivation at y E hom(A; C) if L and p form a 
derivation pair; alternatively, L E (1/P)*, where I = ker F). A careful 
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reading of [3] reveals that this characterization remains valid for an 
arbitrary (complex) commutative algebra with unit. Indeed, one has 
only to observe the following simple 
LEMMA. A maximal ideal of jinite codimenskn in A has codimension 1. 
Proof. Suppose the maximal ideal I has codimension n. The field 
K = A/I is an extension field of @ of degree n and hence is algebraic 
over @ [6]. Since C is algebraically closed, K = C; thus n = 1. 
Applying this result to the discussion in [3], we see that if the ideal I, 
of codimension 2 in A is contained in a unique maximal ideal I, then I,, 
has codimension 1 in I. The rest of the proof in [3] is then valid 
without modification. 
We can now state our main result. 
THEOREM. Let A be a commutative complex linear algebra with unit. 
Any derivation pair L, M on A is of one of the forms 
L = cp, M= 3, (1’) 
L = 49, - $1 M = H9, + +I (2’) 
L = point derivation at ‘p M=p, (3’) 
where v, z,4 E hom(A, C) and c E @. 
Proof. Simple calculations show that (l’), (2’), and (3’) define 
derivation pairs on A. Suppose, conversely, that the derivation pair L, 
M is given; then L must have one of the forms specified above. 
Choosing M’ as the complementary functional given by (1’)-(3’) we 
have, from (*), 
L(f) md + L(g) M(f) = L(f) M’(g) + L(g) M’(f) 
for all f, g E A. If g E A,, , this yields M(g) = M’(g). For h $ A, , take 
f = g = h above to obtain M(h) = M’(h). Thus M = M’, and the 
theorem is proved. 
3. In [l], Rubel studied continuous derivation pairs on the 
algebra H(G) of all functions analytic on a plane region G, endowed 
with the compact-open topology. His technique, which made essential 
use of the representation theory for the (topological) dual of H(G), 
shed no light on the corresponding situation for algebras of analytic 
functions defined on Riemann surfaces or in the space of several 
complex variables. With the results of the preceding section it is now 
easy to settle these cases. 
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Let R be an open Riemann surface and let H(R) be the algebra of all 
functions homomorphic on R. If ‘p is a complex homomorphism of 
H(R), the results of Florack [7] combined with [g, Proposition 61 
(cf. [9, Proposition 11) yield 
df) = f(P) 
for some p E R. Thus each complex homomorphism of H(R) is given 
by a point evaluation (and conversely). This result may be obtained, 
alternatively, by invoking [lo, Proposition 12.51 and a well-known 
embedding result of Remmert. If L is a point derivation at p, then 
L(f) = CT g Jr-O 
where z is a local coordinate at p, z(p) = 0. This example generalizes 
Rubel’s theorem and shows his hypothesis of continuity on L and M 
to be unnecessary. A different proof of this last fact is in [ 111. 
Let D be a connected, holomorphically convex set (domain of 
holomorphy) [ 121 in @” and let H(D) be the (Frechet) algebra of all 
functions holomorphic on D. Then by [lo, Proposition 12.71 each 
complex homomorphism of H(D) is g iven by evaluation at some point 
of D. If L is a point derivation at z” = (zi”, zzo,..., z,O) E D, then 
for some choice of complex constants c1 , c2 ,..., c, . More generally, if 
X is a Stein space of bounded dimension and H(X) is the algebra of 
functions holomorphic on X, [lo, Proposition 12.51 together with 
results in [12, VIII] show that each complex homomorphism of H(X) 
is given by a point evaluation, cf. [ 131, [14]. 
4. It is not difficult to adapt the discussion of Section 2 to 
algebras over the real field R. Obviously, formulas (l’)-(3’) define 
derivation pairs on A, but there remains yet another possibility, 
arising from the fact that the lemma of Section 2 fails for algebras over 
Iw. This additional possibility is already evident in the choice A = @. 
Here, 
L(2) = I Im(a) M(z) = Re(z) ZEC, rE[W 
define a derivation pair not of the form specified in the theorem. The 
general case can be reduced to this example, since if the ideal 
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I,, = kerL n ker M is maximal, then A/1,, is an extension field of 
degree 2 over R and hence is isomorphic to @. Details are left to the 
reader. 
5. Since this paper was accepted for publication, several 
papers have appeared which bear on the results stated in Section 2. 
Detraz [15] and Warzecha [16] h ave each characterized the unitary 
subalgebras of $nite codimension in a commutative Banach algebra 
with unit. (In [15] the algebra is further required to be semisimple.) 
Gorin [17] h c aracterizes the subalgebras (with unit) having finite 
codimension in a commutative algebra with unit over a field K whose 
algebraic closure is a finite extension of K. All of these authors seem to 
have been unaware of the work of Gamelin [5], who states his results 
for function algebras but indicates the extension to the general case. 
Gorin gives a very simple and elegant proof of the characterization 
of subalgebras of codimension 1. For the reader’s convenience, we 
reproduce his argument. Assume L is not given by (1). Pickf E A such 
that L(f) = 1, L(f2) = 0. Then for all g, h E A, 
w9 = a!) ww + Jw w-d. 
Then, if t E @ is determined by t2 = L(f3), 
dg) = W) + Jud 
is a complex homomorphism of A. Clearly, if t = 0, L is a point 
derivation; otherwise L has the form (2), with #(g) = - tL(g) + L(fg). 
Mr. N. R. Nandakumar has kindly pointed out that as early as 1951 
Georges Glaeser [18] had given a definitive characterization of 
derivation pairs on commutative algebras over arbitrary ground fields 
of characteristic 22. It is an easy matter to extract the results discussed 
in Section 2 from Glaeser’s work. 
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